Background {#Sec1}
==========

Differential-algebraic equations (DAEs) are used to describe many physical problems. These types of equations arise for instance in the modelling of electrical networks, optimal control, mechanical systems, incompressible fluids and chemical process simulations. An important quantity that characterizes DAEs and which plays a key role in the treatment of these equations is the index. There are various definitions for the index of a DAE (Martinson and Barton [@CR45]; Günther and Wagner [@CR34]; Rang and Angermann [@CR50]; Kunkel and Mehrmann [@CR42]) but the most used one is the differentiation index. It is defined as the minimum number of times that all or part of the DAE must be differentiated with respect to time, in order to obtain an ordinary differential equation (Martinson and Barton [@CR45]). Higher-index DAEs (differentiation index greater than one) arise naturally in many important application problems. For instance, they model constrained multibody systems (Simeon [@CR53], [@CR54]; Benhammouda and Vazquez-Leal [@CR8]), vehicle system dynamics (Simeon et al. [@CR55], [@CR56]), space shuttle simulation (Brenan [@CR9]) and incompressible fluids. Unfortunately, these DAEs are known to be difficult to solve, even with numerical methods, due to their complex structure. One reason for this; solutions of higher-index DAEs are constrained for all time by some hidden algebraic equations. As a consequence, initial conditions cannot be prescribed arbitrarily for all solution components as they have to fulfill the constraint equations. Therefore, to start the numerical integration, we need to compute some consistent initial conditions. That is to determine those initial conditions which satisfy all the constraints in the system. Using inconsistent initial conditions or poor estimates can cause the solution of the DAE to drift off the constraints manifold and lead to a non physical solution. Since numerical integration methods have difficulties in solving higher-index DAEs, these problems are usually dealt with by first transforming them to ordinary differential systems (index-zero) or index-one DAEs before applying numerical integration methods. This procedure, known as index-reduction, can be very expensive and may change the properties of the solution of the original problem. Therefore, since important application problems in science and engineering often lead to higher-index DAEs, new techniques are needed to solve these DAEs efficiently.

Over the past decades, significant progress has occurred in the solution of DAEs. Some of these works have focused on the numerical solution and include backward differentiation formula (Brenan [@CR9]), Runge Kutta method (Hairer et al. [@CR35]), pseudospectral method (Hosseini [@CR36]) and finite differences method (Wu and White [@CR62]). One can find other methods for the solution of DAEs like blended implicit methods (Brugnano et al. [@CR10]), implicit Euler (Sand [@CR52]), Chebyshev polynomials (Husein and Jaradat [@CR39]), and arbitrary order Krylov deferred correction methods (Huang et al. [@CR38]).

In recent years, some analytical approximation methods have been developed to solve DAEs. Among such techniques one can find the Adomian decomposition method (ADM) (Hosseini [@CR37]; Celik et al. [@CR12]), the homotopy perturbation method (HPM) (Soltanian et al. [@CR57]; Salehi et al. [@CR51]), the variational iteration method (VIM) (Karta and Celik [@CR40]), the homotopy analysis method (HAM) (Awawdeh et al. [@CR2]), the Padé method (Celik and Bayram [@CR11]) and the differential transform method (DTM) (Benhammouda and Vazquez-Leal [@CR8]; Liu and Song [@CR44]; Ayaz [@CR3]). The ADM, Adomian polynomials and DTM were also applied to solve many other problems. The ADM, for example, was used in computing solutions of algebraic equations (Adomian and Rach [@CR1]; Fatoorehchi et al. [@CR26], [@CR24], [@CR31]; Fatoorehchi and Abolghasemi [@CR20], [@CR21]; Fatoorehchi et al. [@CR25], [@CR27], [@CR28]). The ADM and Adomian polynomials were applied to various problems in engineering fields (Fatoorehchi et al. [@CR29], [@CR30], [@CR32]; Fatoorehchi and Abolghasemi [@CR22], [@CR19]). Recently, the DTM was used as a new tool to compute Laplace transforms to solve many problems (Fatoorehchi et al. [@CR23]; Fatoorehchi and Abolghasemi [@CR17]).

In this work, we present a new procedure for solving nonlinear higher-index Hessenberg DAEs. The method is based on Adomian polynomials (Rach [@CR47], [@CR48]; Wazwaz [@CR61]; Duan [@CR13], [@CR14], [@CR15]) and the DTM (Odibat et al. [@CR46]; Lal and Ahlawat [@CR43]; El-Zahar [@CR16]; Fatoorehchi and Abolghasemi [@CR18]; Gökdoğan et al. [@CR33]; Benhammouda et al. [@CR7]). The DTM is first applied to the DAE where the differential transforms of nonlinear terms are found using Adomian polynomials to obtain a recursion system for the power series coefficients. Based on the index condition, a nonsingular linear recursion system is then derived and solved. It is important to note that the developed procedure does not require an index-reduction nor a linearization. Also it does not depend on complicated tools like perturbation parameters, trial functions, or Lagrangian multipliers as required for perturbation method, HPM or VIM. To enlarge the domain of convergence of the truncated power series, we apply a post-treatment based on Laplace-Padé resummation method (Benhammouda et al. [@CR6]; Torabi and Yaghoobi [@CR58]; Raftari and Yildirim [@CR49]; Bararnia et al. [@CR5]; George A Baker et al. [@CR4]; Vazquez-Leal et al. [@CR60]; Vazquez-Leal and Guerrero [@CR59]; Khan et al. [@CR41]; Benhammouda et al. [@CR7]).

Two examples of nonlinear higher-index Hessenberg DAEs are solved to demonstrate the effectiveness of the proposed method. Finally, our procedure is straightforward and can be programmed in Maple or Mathematica.

This paper is organized as follows: in \"[Differential transform method](#Sec2){ref-type="sec"}\", we review the DTM. Next, in \"[Padé approximant](#Sec3){ref-type="sec"}\", \"[Laplace-Padé resummation method](#Sec4){ref-type="sec"}\" and \"[Adomian polynomials and their relation with DTM](#Sec5){ref-type="sec"}\" we give the basic concepts of Padé approximants, Laplace-Pad é resummation method and Adomian polynomials and their relation with DTM. In \"[Solution of higher-index Hessenberg DAEs by Adomian polynomials and DTM](#Sec6){ref-type="sec"}\", we present our analytical method for the solution of nonlinear higher-index Hessenberg DAEs. Then in \"[Cases study](#Sec9){ref-type="sec"}\", we apply the developed method to solve two nonlinear higher-index Hessenberg DAEs. Finally, a discussion and a conclusion are given in \"[Discussion](#Sec12){ref-type="sec"}\" and \"[Conclusion](#Sec13){ref-type="sec"}\", respectively.

Differential transform method {#Sec2}
=============================

For convenience of the reader, we will review the DTM (Odibat et al. [@CR46]; Lal and Ahlawat [@CR43]; El-Zahar [@CR16]; Fatoorehchi and Abolghasemi [@CR18]; Gökdoğan et al. [@CR33]) and show how this method is used to solve ordinary differential equations.

**Definition 2.1** {#FPar1}
------------------

If a function *u*(*t*) is analytical with respect to *t* in the domain of interest, then$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} U_{k}=\frac{1}{k!}\left[ \frac{d^{k}u(t)}{dt^{k}}\right] _{t=t_{0}}, \end{aligned}$$\end{document}$$is the transformed function of *u*(*t*).

**Definition 2.2** {#FPar2}
------------------
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                \begin{document}$$\begin{aligned} u(t)=\displaystyle {{\sum _{k=0}^{\infty }}}U_{k}\left( t-t_{0}\right) ^{k}. \end{aligned}$$\end{document}$$Substituting ([1](#Equ1){ref-type=""}) into ([2](#Equ2){ref-type=""}), we deduce that$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} u(t)=\displaystyle {{\sum _{k=0}^{\infty }}}\frac{1}{k!}\left[ \frac{d^{k}u(t) }{dt^{k}}\right] _{t=t_{0}}\left( t-t_{0}\right) ^{k}. \end{aligned}$$\end{document}$$From the above definitions, it is easy to see that the concept of the DTM is obtained from the power series expansion. To illustrate the application of the DTM to solve ordinary differential equations, we consider the nonlinear equation$$\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f\left( u(t),t\right)$$\end{document}$ is a nonlinear smooth function.

Equation ([4](#Equ4){ref-type=""}) is supplied with some initial condition$$\documentclass[12pt]{minimal}
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                \begin{document}$$\ldots$$\end{document}$ are unknowns to be determined by DTM.

Applying the DTM to the initial condition ([5](#Equ5){ref-type=""}) and equation ( [4](#Equ4){ref-type=""}) respectively, we obtain the transformed initial condition$$\documentclass[12pt]{minimal}
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Using ([7](#Equ7){ref-type=""}) and ([8](#Equ8){ref-type=""}), we determine the unknowns $\documentclass[12pt]{minimal}
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                \begin{document}$$\left\{ U_{k}\right\} _{k=0}^{m}$$\end{document}$ gives the approximate solution$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} u(t)=\displaystyle {{\sum _{k=0}^{m}}}U_{k}\left( t-t_{0}\right) ^{k}, \end{aligned}$$\end{document}$$where *m* is the approximation order of the solution. The exact solution of problem ([4](#Equ4){ref-type=""}--[5](#Equ5){ref-type=""}) is then given by ([6](#Equ6){ref-type=""}).
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                \begin{document}$$V_{k}$$\end{document}$ are the differential transforms of *u*(*t*) and *v*(*t*) respectively, then the main operations of DTM are shown in Table [1](#Tab1){ref-type="table"}.Table 1Main operations of DTMFunctionDifferential transform$\documentclass[12pt]{minimal}
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The process of the DTM can be described as:Apply the differential transform to initial condition ([5](#Equ5){ref-type=""}).Apply the differential transform to the differential equation ( [4](#Equ4){ref-type=""}) to obtain a recursion equation for the unknowns $\documentclass[12pt]{minimal}
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                \begin{document}$$\ldots$$\end{document}$Use the transformed initial condition ([7](#Equ7){ref-type=""}) and the recursion equation ([8](#Equ8){ref-type=""}) to determine the unknowns $\documentclass[12pt]{minimal}
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                \begin{document}$$\ldots$$\end{document}$Use the differential inverse transform formula ([9](#Equ9){ref-type=""}) to obtain an approximate solution for initial-value problem ([4](#Equ4){ref-type=""}-- [5](#Equ5){ref-type=""}).The solutions series obtained from DTM may have limited regions of convergence. Therefore, we propose to apply the Laplace--Padé resummation method to DTM truncated series to enlarge the convergence region as depicted in the next sections.

Padé approximant {#Sec3}
================

Given an analytical function *u*(*t*) with Maclaurin's expansion$$\documentclass[12pt]{minimal}
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The numerator and the denominator in ([11](#Equ11){ref-type=""}) are constructed so that $\documentclass[12pt]{minimal}
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Laplace-Padé resummation method {#Sec4}
===============================

Several approximate methods provide power series solutions (polynomial). Nevertheless, sometimes, this type of solutions lack large domains of convergence. Therefore, Laplace-Padé resummation method is used in literature to enlarge the domain of convergence of solutions or to find the exact solutions.

The Laplace-Padé method can be summarized as follows:First, Laplace transformation is applied to power series ([9](#Equ9){ref-type=""}).Next, *s* is substituted by 1/*t* in the resulting equation.After that, we convert the transformed series into a meromorphic function by forming its Padé approximant of order \[*N*/*M*\]. *N* and *M* are arbitrarily chosen, but they should be smaller than the order of the power series. In this step, the Padé approximant extends the domain of the truncated series solution to obtain better accuracy and convergence.Then, *t* is substituted by 1/*s*.Finally, by using the inverse Laplace *s* transformation, we obtain the exact or an approximate solution.

Adomian polynomials and their relation with DTM {#Sec5}
===============================================

In this section, we briefly review the Adomian polynomials and their relation with the DTM. Usually a nonlinear term *N*(*u*) in a differential equation is decomposed in terms of Adomian polynomials $\documentclass[12pt]{minimal}
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In the coming sections, we make use of ([19](#Equ19){ref-type=""}) and ([20](#Equ20){ref-type=""} ) to show how to solve nonlinear higher-index Hessenberg DAEs.

Solution of higher-index Hessenberg DAEs by Adomian polynomials and DTM {#Sec6}
=======================================================================

In this section, we present our method for solving nonlinear higher-index Hessenberg differential-algebraic equations (DAEs). The technique is based on Adomian polynomials and the differential transform method (DTM). To solve the DAE, we first apply the DTM to it, where Adomian polynomials are used to compute the differential transforms of the nonlinear terms. The resulting recursion equations are rearranged in a nonsingular linear algebraic system for the coefficients of the power series solution. Two classes of nonlinear higher-index Hessenberg DAEs are solved.

Higher-index nonlinear Hessenberg DAEs {#Sec7}
--------------------------------------

The first class of higher-index Hessenberg DAEs we consider here is$$\documentclass[12pt]{minimal}
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The DAE is supplied with some consistent initial conditions$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} u^{\left( i\right) }\left( 0\right) =\eta _{i}, \quad i=0,\ldots ,m-1, \end{aligned}$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\eta _{i}$$\end{document}$ are given constants.
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An important subclass of system ([21](#Equ21){ref-type=""}--[22](#Equ22){ref-type=""}) consists of those DAEs arising from the simulation of constrained mechanical multibody systems. Such DAEs have the form$$\documentclass[12pt]{minimal}
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A standard assumption for these DAEs is the full rank condition$$\documentclass[12pt]{minimal}
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Index-three nonlinear Hessenberg DAEs {#Sec8}
-------------------------------------
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From the ([61](#Equ61){ref-type=""}), we finally come to the linear recursion system$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \left\{ \begin{array}{l} kU_{k}-\left( \dfrac{\partial F_{0}}{\partial V_{0}}\right) V_{k-1} =R_{k-1}-F_{k-1}, \\ kV_{k}-\left( \dfrac{\partial H_{0}}{\partial W_{0}}\right) W_{k-1}=R_{k-1}^{\prime }-G_{k-1}, \\ -\left( \dfrac{\partial G_{0}}{\partial U_{0}}\right) U_{k}=S_{k},\quad k\ge 1, \end{array} \right. \end{aligned}$$\end{document}$$where$$\documentclass[12pt]{minimal}
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Cases study {#Sec9}
===========

In this section, we will demonstrate the effectiveness of proposed technique through two nonlinear higher-index Hessenberg DAEs.

Example 1 {#Sec10}
---------

Consider the following nonlinear index-three Hessenberg DAE describing the constrained motion of a particle to a circular track$$\documentclass[12pt]{minimal}
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Therefore, system ([69](#Equ69){ref-type=""}) reduces to the nonsingular algebraic system for the unknowns $\documentclass[12pt]{minimal}
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Example 2 {#Sec11}
---------

Consider the following nonlinear index-three Hessenberg DAE$$\documentclass[12pt]{minimal}
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Discussion {#Sec12}
==========

Higher-index differential-algebraic equations (DAEs) still require new numerical and analytical methods to solve them efficiently. Such problems are known to be difficult to solve both numerically and analytically. In this paper, we introduced a new analytical method to solve nonlinear higher-index Hessenberg DAEs. The method is based on Adomian polynomials and the differential transform method (DTM). Two classes of nonlinear higher-index Hessenberg DAEs were treated by this method. The method has successfully handled these two classes of DAEs without the need for a preprocessing step of index-reduction. The method transformed the DAEs into easily solvable linear algebraic systems for the coefficient of the power series solution. For each class, one test problem was solved. The examples show that Adomian polynomials combined with the DTM are powerful tools to obtain the exact solutions or approximate solutions of nonlinear higher-index Hessenberg DAEs. To improve the power series solution, a Laplace-Padé post-treatement is applied to the truncated series leading to the exact solution.

Conclusion {#Sec13}
==========

This work presents the analytical solution of two classes of nonlinear higher-index Hessenberg DAEs using Adomian polynomials and the DTM. Procedures for solving these two classes of DAEs are presented. For each class, the technique was tested on one nonlinear higher-index Hessenberg problem. The results obtained show that the method can be applied to solve nonlinear higher-index Hessenberg DAEs efficiently obtaining the exact solution or an approximate solution. On the one hand, it is important to note that these types of DAEs are difficult to solve both numerically and analytically. On the other hand, the presented technique based on Adomian polynomials and the DTM in combination with Laplace-Padé resummation method was able to obtain the exact solution of nonlinear higher-index Hessenberg DAEs. The use of Adomian polynomials allowed us to obtain an algorithm for the method and also to compute the differential transforms of highly nonlinear terms. The technique is based on a straightforward procedure that can be programmed in Maple or Mathematica to simulate large problems. Finally, future work is needed to apply the proposed technique to higher-index partial differential-algebraic equations and other nonlinear higher-index DAEs. Our method can be combined with the multi-stage DTM to calculate accurate approximate solutions to these problems.
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